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Abstract
Theshear-warp volumerenderingalgorithmis oneof thefastestalgorithmsfor volumerendering, but it achieves
this renderingspeedonly by sacri�cing interpolationbetweentheslicesof the volumedata.Unfortunately, this
restrictionto bilinear interpolationwithin the slicesseverely compromisesthe resultingimage quality. This pa-
per presentsthe implementationof pre-integrated volumerenderingin the shear-warp algorithm for parallel
projection to overcomethis drawback. A pre-integrated lookup table is usedduring compositingto perform a
substantiallyimprovedinterpolationbetweenthevoxelsin two adjacentslices.
We discussthedesignandimplementationof our extensionof theshear-warp algorithmin detail.We alsoclarify
theconceptof opacityandcolor correction,andderivetherequiredsamplingrateof volumerenderingwith post-
classi�cation.Furthermore, themodi�edalgorithmis comparedto thetraditionalshear-warprenderingapproach
in termsof renderingspeedandimage quality.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:Picture/ImageGeneration
– DisplayAlgorithms;I.4.10[ImageProcessingandComputerVision]: ImageRepresentation– Volumetric.

1. Intr oduction

Although the shear-warp volume rendering algorithm
achievesa high renderingperformance,it is still not widely
usedfor interactive volumerendering.The most important
competitoris probablytexture-basedvolumerendering;see
for example3. This approachis very ef�cient aslong asthe
graphicshardware provides the requiredfunctionality. But
eventhen,this approachhasseveraldisadvantages:theren-
dering speedis limited by the pixel �ll-rate, shadingim-
posesa seriousperformancehit, andfor interactive render-
ing theentirevolumedatasethasto �t into texturememory.
Theshear-warpalgorithm,on theotherhand,is a software-
basedvolumerenderingalgorithm,which traversesthevol-
umedatain objectorder. Therefore,it is extremely�e xible,
allowsrun-lengthencodingof thevolumedata,andsupports
ef�cient cacheusage.

Pre-integratedvolumerenderingprovidesanef�cient way
to interpolatein-betweenslices of the volume data with
somelossin renderingperformance.Pre-integrationis based
on the pre-computationof a lookup table, which supplies

RGBA valuesfor every possiblepair of scalarvalues.With
thehelpof thistable,pre-integratedvolumerenderingis able
to interpolatelinearly betweentheslices,insteadof assum-
ing aconstantscalarvaluebetweentheslices(asin theorig-
inal shear-warp algorithm). Thus, pre-integration achieves
signi�cantly improved results, in particular for nonlinear
transferfunctions.Pre-integratedvolumerenderingis, there-
fore,a perfectcomplementto theshear-warpalgorithm.

Beforewe presentour new algorithm,we referenceprior
work anddiscussthe underlyingtheoreticalbackgroundin
Section2. In particular, we addressthe employed optical
model, opacity and color correction,the requiredvolume
samplingratefor standardvolumerendering,andthe orig-
inal shear-warp algorithm.In Section3, we discussthede-
tails of our algorithmandits implementation.Performance
resultsandcomparisonsof imagequality of severalvariants
of our algorithmarepresentedin Section4.
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2. Theoretical Background

In this section,we addressthemathematicalfoundationsof
ournew pre-integratedvolumerenderingalgorithm.

2.1. Volume Rendering Integral

The basic task of any volume rendereris an approximate
evaluationof the volumerenderingintegral for eachpixel,
i.e., the integration of attenuatedcolors along eachview-
ing ray. Although the numericalevaluationof this integral
is well-known, it is brie�y recapitulatedherein orderto in-
troduceour nomenclatureand to remind the readerof the
employedapproximations.

We specify colors and extinction coef�cients for each
scalarvalues of thevolumedataby transferfunctionsc(s)
and t (s). The color emittedfrom onepoint of the volume
is determinedby t (s)c(s); thus,the volumerenderinginte-
gral for the intensityI alonga viewing ray parametrizedby
x from 0 to D is givenby

I =
Z D

0
t (s(x))c(s(x)) exp

�
�

Z x

0
t (s(x0))dx0

�
dx:

d

si =sHi dL

sHxL

xi d Hi+1Ld

x

Figure1: Samplingof s(x) alonga viewing ray.

Thevolumerenderingintegral canbeapproximatedby a
Riemannsumof n equalray segmentsof lengthd := D=n.
This evaluationassumesthats(x) is approximatelyconstant
for eachraysegment(seealsoFigure1):

I �
n� 1

å
i= 0

t (s(i d))c(s(i d))dexp

 

�
i� 1
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j= 0

t (s( j d))d

!

�
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t (s(i d))c(s(i d))d
i� 1
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j= 0

exp(� t (s( j d))d)
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n� 1
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Õ
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�
1� a j

�

with theopacitya i of thei-th raysegment,which is de�ned
by

a i := 1� exp
�

�
Z (i+ 1)d

i d
t (s(x)) dx

�

� 1� exp(� t (s(i d)) d)

� t (s(i d)) d:

The(premultiplied)color ci emittedin the i-th ray segment
is de�ned by

ci :=
Z (i+ 1)d

i d
t (s(x))c(s(x)) exp

�
�

Z x

i d
t (s(x0))dx0

�
dx:

Neglecting the self-attenuationwithin the ray segment,ci
maybeapproximatedby

ci �
Z (i+ 1)d

i d
t (s(x)) c(s(x)) dx

� t (s(i d)) c(s(i d)) d

� a ic(s(i d)) :

Therefore,a front-to-backcompositingalgorithm(which
is usually employed in the shear-warp algorithm) imple-
mentstheequations

â i = 1� (1� â i� 1)(1� a i)

= â i� 1 + (1� â i� 1)a i ;

ĉi = ĉi� 1 + (1� â i� 1)ci

for the accumulatedopacity â i andcolor ĉi of the i-th ray
segment.

2.2. Opacity and Color Corr ection

Somevolume renderingalgorithms,for example the non-
perspective shear-warp algorithm or 2D texture-basedvol-
umerendering(see3), evaluatethe volumerenderinginte-
gral with equallyspacedsamples,i.e.,a constantdistanced
betweensamples.Thus,the opacitiesa i andcolorsci may
beprecomputedfor a constantd.

viewing rays

volume
slicesd

(a)

viewing rays

volume
slicesd

(b)

Figure2: Differentdistancesbetweensamplesdependingon
theviewingdirection.

However, the distanced still dependson the viewing di-
rectionasillustratedin Figure2. Thus,it is necessaryto cor-
recttheprecomputedopacitiesandcolors.While theopacity
correctionis well-known (seefor example8), thecorrection
of colorsappearsto belesscommon.Therefore,bothcorrec-
tionsarebrie�y derivedhere.

Assumingthatanopacitya i hasbeencomputedfor acon-
stantscalarsandthesampledistanced, thecorrectedopacity
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a0
i for a differentsampledistanced0 maybecomputedby

a0
i = 1� exp

�
� t (s)d0�

= 1� exp
�

� t (s)d
d0

d

�

= 1� exp(� t (s)d)d0=d

= 1� (1� a i)
d0=d :

As suggestedby Lacroutein 8, this correctioncanbe ef�-
ciently implementedby a lookup tablefor a0

i asa function
of a.

Thepremultipliedcolorci hasto becorrectedcorrespond-
ingly sinceit is proportionalto a i :

c0
i = ci

a0
i

a i
:

A more rigorousderivation of this result can be given by
evaluatingci for a constantscalars:

ci =
Z (i+ 1)d

i d
t (s)c(s) exp

�
�

Z x

i d
t (s)dx0

�
dx

=
Z (i+ 1)d

i d
t (s)c(s) exp(� t (s)(x� i d)) dx

= [� c(s) exp(� t (s)(x� i d)) ](i+ 1)d
i d

= c(s) (1� exp(� t (s)d)) :

With a i anda0
i from above, thecorrectedcolorc0

i for d0 is

c0
i = c(s)

�
1� exp

�
� t (s)d0�� = c(s)a0

i = c(s)a i
a0

i
a i

= ci
a0

i
a i

:

For a physicalinterpretationof this color correctionthe
casesof very low andvery high opacityareof particularin-
terest:For avery low opacitytheself-attenuationmaybene-
glected;thus,thecoloremissionis proportionalto thelength
of theray segment.On theotherhand,for a very highopac-
ity thecolor cannotdependon thelengthof theraysegment
sincethelight from its farendis blockedand,therefore,can-
not in�uence the integratedcolor. Both casesarecorrectly
describedby thecolor correctiongivenabove.

Notethatthiscolorcorrectionis perfectlyconsistentwith
the specialcaseof d0=d = 1=2 discussedby Sweeney and
Mueller in 20 sincethe correctionfactor (called l in 20) is
givenby

a0
i

a i
=

1� (1� a i)
1=2

a i
=

1�
p

1� a i

1� (1� a i)
=

1
1+

p
1� a i

:

2.3. Volume Sampling Rate

Thediscreteapproximationof thevolumerenderingintegral
will converge to the correctresult only for high sampling
rates1=d. Unfortunately, nonlineartransferfunctionsmay
considerablyincreasethe samplingraterequiredfor a cor-
rectevaluationof thevolumerenderingintegral asthis sam-
pling ratedependsontheproductof theNyquistfrequencies

of the scalar�eld and the transferfunctionsas mentioned
(but notproved)by Engelet al. in 3.

Theactualsamplingraterequiredfor anaccurateevalua-
tion may be estimatedby the samplingraterequiredfor an
accuratereconstructionof thefunctionst (s(x)) andc(s(x)) .
This samplingratemay be obtainedby comparisonwith a
frequency-modulatedsignalsfm(t) (seeSection6.4 in 19):

sfm(t) := Acos(2p fct + (Df =fm) sin(2p fmt))

with the amplitudeA, the carrier frequency fc, the maxi-
mum deviation Df from fc, and the modulationfrequency
fm (which is themaximumfrequency of themodulationsig-
nal if it is not a singlefrequency tone).With thehelpof the
identity

cos(a+ xsin(b)) =
1

å
k= �1

cos(a+ kb) Jk(x)

(with theBesselfunctionJk of the�rst kind of orderk), the
modulatedsignalmaybewritten as

sfm(t) = A
1

å
k= �1

Jk (Df =fm) cos(2p fct + 2p fmkt) :

The spectrumof sfm(t) may be obtaineddirectly from this
representation:Apart from thecarrierfrequency fc, thereis
anin�nite numberof sidebandsat frequenciesfc � fmk with
k 2 N. Thus,themodulatedsignalis not bandwidth-limited
andthereis no maximumfrequency. However, accordingto
anapproximationby Carson(known as“Carson's rule”), the
actuallyrequiredbandwidth(for morethan98% of thesig-
nal power) is 2(Df + fm), i.e., contributions of sidebands
outsidetheinterval [ fc � (Df + fm); fc+ (Df + fm)] areneg-
ligible.

In order to apply this result to the problemof determin-
ing anappropriatesamplingfrequency alonga viewing ray,
someadditionalsymbolshaveto beintroduced.LetU(S) de-
noteacontinuoustransferfunctionfor scalarvaluesS2 [0;1]
with Nyquist frequency fU. (A discontinuoustransferfunc-
tion could be approximatedwith extremely high frequen-
cies.)In orderto de�ne valuesU(S) for S62[0;1], letU(S) be
asymmetricfunctionwith period2, i.e.,U(S) = U(� S) and
U(S) = U(S+ 2k) for k 2 N. Furthermore,let S(t) denotea
scalar�eld with Nyquistfrequency fS. Thus,theproblemis
to determineanappropriatesamplingfrequency for U(S(t)) .
Thisproblemcanbesimpli�ed with thehelpof aFourierco-
sineseries:

U(S(t)) =
1

å
k= 0

ak cos(p k S(t)) :

As theappropriatesamplingratefor thissumcorrespondsto
themaximumof thesamplingratesfor the individual sum-
mands,it is possibleto restrictthefollowing considerations
to thesummandwith themaximumk with ak 6= 0. Thiskmax

correspondstoamaximumfrequency kmax=2,whichisgiven
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by half theNyquistfrequency fU, i.e.

kmax=2 = fU=2:

Thus,U(S(t)) canbespecializedto theform

Acos(p kmax S(t)) = Acos((2p fU=2) S(t)) ;

with A = akmax. Thisfunctionis alreadycloseto afrequency-
modulatedsignal, whereS(t) correspondsto the modula-
tion signal.As mentionedabove, it is commonto replace
an arbitrary modulationsignal by a single-frequency tone
of the maximum frequency for the purposeof estimating
an appropriatesampling rate. Thus, S(t) is replacedby
sin((2p fS=2) t). Thenew form of U(S(t)) is:

Ũ(S̃(t)) = Acos((2p fU=2) sin((2p fS=2) t)) :

In orderto applyCarson'srule,Ũ(S̃(t)) hasto bematched
to sfm(t), which is de�ned by

sfm(t) := Acos(2p fct + (Df =fm) sin(2p fmt)) :

For this purpose, fm should be identi�ed with half the
Nyquist frequency fS of the scalar�eld, and fc hasto be
0 asthereis no “carrier frequency” for thetransferfunction.
Thus,Df =fm shouldbeidenti�ed with 2p fU=2.

Accordingto Carson's rule, the requiredfrequenciesfor
this signal ( fc = 0) are in the interval [0;Df + fm] corre-
spondingto [0;2p fU fS=4 + fS=2]. For fU fS � fS this in-
terval is given by [0;p fU fS=2], i.e., the requiredsampling
frequency is p fU fS. While Carson'sruleis awell-known ap-
proximationin signaltheory, it has—toourknowledge—not
beenappliedto volumerenderingbefore.

Becauseof this result, it is by no meanssuf�cient to
samplethevolumerenderingintegral with the Nyquist fre-
quency fS of thescalar�eld if non-lineartransferfunctions
are employed. Artif actsresultingfrom this kind of under-
samplingarefrequentlyobservedunlessthey areavoidedby
verysmoothtransferfunctions,i.e.,transferfunctionswith a
smallNyquistfrequency fU.

2.4. Pre-IntegratedVolumeRendering

Pre-integratedvolumerenderingovercomesthenecessityfor
extremely high samplingratesby splitting the numerical
evaluationof the volume renderingintegral into two inte-
grations:onefor thecontinuousscalar�eld s(x) andonefor
the transferfunctions t (s) and c(s); thus, the problematic
productof Nyquistfrequenciesis avoided.

Pre-integrationis similarto amethodpublishedby Max et
al. in 10, whichwasreinventedandgeneralizedfor hardware-
acceleratedtetrahedraprojectionby Röttgeretal. in 16. How-
ever, the name“pre-integratedvolumerendering”was�rst
usedby Engelet al. in 3 within thecontext of texture-based
volumerendering.Thebasicconceptof pre-integrationmay
be appliedto many othervolumerenderingalgorithms;for
example,Knittel demonstratedpre-integratedray castingin

7. More applicationsand improvementsof pre-integrated
volumerenderingmaybefoundin 2; 4; 5; 11; 13; 15; 21.

d

sf =sHi dL

sb=sHHi+1LdL

sHxL

xi d Hi+1Ld

x

Figure 3: Piecewiselinear interpolationof samplesof s(x)
for pre-integratedvolumerendering.

For the purposeof pre-integratedvolume rendering,the
scalarfunction s(x) is approximatedby a piecewise linear
scalarfunction as illustratedin Figure3. The volume ren-
dering integral for this piecewise linear scalarfunction is
ef�ciently computedby onetable lookup for eachray seg-
ment.The threeargumentsof this table lookup for the i-th
ray segmentfrom i d to (i + 1)d arethe scalarvalueat the
start(front) of thesegmentsf := s(i d), thescalarvaluethe
end(back)of thesegmentsb := s(( i + 1)d)) , andthelength
of thesegmentd (seeFigure3). If d is constantfor all seg-
mentsandall viewing rays,thetablelookupdoes,of course,
notdependon it anda two-dimensionaltableis suf�cient.

More preciselyspoken,theopacitya i of thei-th segment
is approximatedby

a i = 1� exp
�

�
Z (i+ 1)d

i d
t (s(x))dx

�

� 1� exp
�

�
Z 1

0
t
�

(1� w)sf + wsb

�
ddw

�
:

Thus,a i is a function of sf , sb, and d, if the latter is not
constant.

The (premultiplied) colors ci are approximatedcorre-
spondingly:

ci �
Z 1

0
t
�

(1� w)sf + wsb

�
c
�

(1� w)sf + wsb

�

� exp
�

�
Z w

0
t
�

(1� w0)sf + w0sb

�
ddw0

�
ddw:

Analogouslyto a i , ci is a functionof sf , sb, andd.

Apart from theseapproximationsfor a i andci thereare
nofurthermodi�cationsof theevaluationof thevolumeren-
deringintegral; i.e., the compositingalgorithmfrom above
maybeemployed for pre-integratedvolumerendering,too.
In particular, the opacitycorrectionof Section2.2 alsoap-
plies to pre-integratedrenderingandthecolor correctionof
Section2.2 is anappropriateapproximationin this case.

c
 TheEurographicsAssociation2003.



Schulzeetal. / Integrating Pre-Integration Into TheShear-Warp Algorithm

(a) (b)

Figure4: (a) Standard and(b) factorizedviewing transformation.

Note, however, that the pre-integration always supplies
premultiplied colors ci ; thus, a subsequentmultiplication
with a i hasto beavoided.

The computationof the pre-integratedlookup tablesfor
a i andci is ratherexpensiveastwo integralshaveto beeval-
uatednumericallyfor a suf�cient numberof combinations
of valuesfor sf , sb, andd. Moreover, thesetableshave to
berecalculatedwhenever the transferfunctionst (s) or c(s)
aremodi�ed; thus,anevaluationat interactiveratesis highly
desirable.Fortunately, thereareseveralwaysof accelerating
thecomputationof theselookuptables,which arediscussed
in detailin 3. They allow usto performthecalculationof the
two-dimensionallookup tablesfor constantd at interactive
rates.

Oneremarkablefeatureof pre-integratedvolumerender-
ing is thepossibility to renderclosedisosurfacesevenwith
very low samplingratesby specifyingsharppeaksin the
transferfunctiont (s); see16 and3 for details.

In summary, pre-integratedvolumerenderingallowsusto
evaluatethe volumerenderingintegral without the needto
increasethe samplingrate for any nonlineartransferfunc-
tion. Therefore,it hasthepotentialto improve theaccuracy
(by lessundersampling)andtheperformance(by fewersam-
pling operations)of a volumerendererat thesametime.

For an accurateevaluationof the volume renderingin-
tegral, the actual samplingrate should be well above the
Nyquist frequency of the scalar volume data since pre-
integrationusesa linear interpolationbetweensamplesin-
steadof an ideal reconstruction�lter . In practice,however,
samplingratescloseto this Nyquist frequency appearto re-
sult in a suf�cient imagequality for mostdatasets.

It shouldbe notedthat pre-integratedvolume rendering
will usuallygenerateslightly differentcolorsandopacities
comparedto many othervolumerenderingalgorithmseven
for very smooth transferfunctions; for example,because
the approximation1� exp(t (s)d) � t (s)d is never needed
for pre-integratedvolumerendering.Theseapproximations
should not matter for high samplingrates1=d; however,
many volumerenderingimplementationsperformthecom-

positing of colors with �x ed-pointarithmetic,resulting in
considerablecoloralterationsfor highsamplingrates.

2.5. Shear-Warp

Sincethe original presentationof the shear-warp algorithm
by Lacroute8; 9, therehavebeenanumberof publicationson
thisalgorithm.Work wasdonein �elds likestereorendering
6, fastslabrendering22, and fast rotation 1. The algorithm
was implementedin volume renderinghardware 14, and it
wascomparedto othervolume renderingalgorithmsin 12.
In 18, thealgorithmwasextendedto perspective projection,
andthenparallelizedin 17. In 20, several extensionsfor im-
proved imagequality weredescribed.However, the useof
pre-integrationwithin theshear-warpalgorithmhasnot pre-
viouslybeenpublished.

Thegeneralviewing transformationV consistsof a view
matrix M and a projectionP, such that V = P � M. The
shear-warpalgorithmis basedon the ideaof a factorization
of theview matrix M into a shearcomponentSanda warp
componentW with M = W � S. Lacroute's idea 9 is to do
the warp after the projection,suchthat it becomesa two-
dimensionaloperation,which is fast to compute.Thus,the
�nal shear-warpviewing transformationbecomes:

V = W � P� S:

This factorizationallows us to performthe compositing
in objectspace.Therefore,thememorycachecanwork ef�-
ciently becauseof frequentcachehits. The �nal warp is an
af�ne two-dimensionaltransformation,which can be done
on theprocessoref�ciently , or even fasterby using2D tex-
turinghardware.Figure4 depictsthefactorizationinto shear
andwarp. In Figure4a, theprojectionof thevolumeto the
imageplaneis donetraditionally, while in Figure4bthevol-
umeslicesare�rst sheared,thenprojectedontoaninterme-
diateimage,and�nally warpedto theactualimageplane.

In Lacroute's implementation,thecompositingof thevol-
umeslicesto the intermediateimageis doneslice by slice
and from front to back, with bilinear interpolationwithin
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eachslice andpre-interpolatedclassi�cation.The interme-
diateimageis alignedwith thevolumeslices,i.e., the front
voxels occupy onepixel per voxel. Opacitycorrectionand
early ray terminationare performedfor the compositing.
Run-lengthencodingof thevolumedatais employedto save
memoryand to speedup the compositingprocess.In the
warp,bilinear interpolationis usedfor theprojectionto the
�nal image.

In summary, themostimportantfeaturesof theshear-warp
algorithmare:ef�cient compositing;�e xibility to incorpo-
rate shading,shadows, and arbitrary compositingmodels;
andindependenceof thecompositingfrom theoutputimage
size.A disadvantageis that the warp introducesadditional
blurringbecauseof thenecessaryresampling.

3. Shear-Warp with Pre-Integration

This sectiondiscussesour extensionof the shear-warp al-
gorithmwith pre-integrationandthe implementationissues
that we encountered.The following topics are addressed:
slab rendering,buffer slices to avoid redundantcomputa-
tions,thepre-integrationtablelookup,andrasterizationdif-
ferencesbetweenournew andthestandardshear-warpalgo-
rithm.

3.1. Slab Rendering

As describedin Section2.4,pre-integratedvolumerendering
computesthecolorof raysegmentsinsteadof point samples
on viewing rays.Thus,our variantof the shear-warp algo-
rithm hasto renderslabsbetweenadjacentslicesinsteadof
individualslices;seeFigure5. Morespeci�cally spoken,we
still traversetheslicesof thevolumedatain front-to-backor-
derbut rendertheslabin front of a sliceinsteadof theslice
itself.

sf
sb

front slice
back slice

Figure 5: A viewing ray througha slabbetweentwo slices.
Thescalarvaluesof thevolumedata on the front sliceand
theback sliceare denotedbysf andsb, respectively.

As eachslabbetweentwo slicesis renderedwith thehelp
of thescalarvaluessf andsb on theseslices,thebilinearly
interpolatedscalarvaluesareusedtwice, oncefor eachad-
jacentslab. Insteadof computingthesamebilinear interpo-
lation for eachslab,we employ a buffer slice,which is dis-
cussednext.

3.2. Buffer Slice

Thebuffer slicestoresinterpolatedscalarvaluesof theback
sliceas�oating pointnumbers,suchthatthesevaluescanbe
reusedfor thefront sliceof thenext slab. For theimplemen-
tationof thebuffer slice,we experimentedwith two slightly
differentapproaches.The �rst option is to storetwo buffer
slicesin memory, eachwith thesizeof thevolumeslicesthat
are renderedto the intermediateimage (slice-sizedbuffer
slices;seeFigure6a).Two buffer slicesarerequiredin order
not to overwrite bufferedvaluesbeforethey areneededfor
thepre-integrationtablelookup.Thus,two blocksof mem-
ory have to beallocated,andthesizeof thetwo buffer slices
hasto beadaptedwhenever the sizeof thedisplayedslices
changes.Dependingon the volume size, this may happen
whenever the principal viewing axis changes.In the case
of cubicvolumes,thesizeof thebuffer slicesis alwaysthe
samebecausetheslicesthatarerenderedto theintermediate
imageareof thesamesizefor eachprincipalaxis. In order
not to allocateandde-allocatememorywhenever the prin-
cipal axis changes,we decidedto allocatememoryfor the
buffer slicesonly onceandusethesizeof thelargestslices.

(a) (b)

Figure 6: (a) Slice-sizedand (b) intermediateimage-sized
buffer slices.

The secondapproachis to createa single buffer slice,
which hasthe samesize as the intermediateimage(inter-
mediateimage-sizedbuffer slice;seeFigure6b).In thiscase
only one slice is neededbecausea scalarvalue is always
buffered right after the scalarvalue buffered previously at
the samepositionhasbeenread.This approachrequiresto
changethesizeof thebuffer slicewheneverthesizeof thein-
termediateimagechanges,i.e.,for everychangeof theview-
point.Thissizeis easilycomputedbecauseour implementa-
tion of the shear-warp algorithmis basedon the sameidea
for theallocationof thememoryfor theintermediateimage.
In orderto prevent frequentmemoryallocation,we canfol-
low thesameapproachasfor theslice-sizedbuffer slicesby
allocatingmemoryfor thelargestintermediateimagesize.

With the approachesdescribedabove, there is no dif-
ferencein the frequency of memory allocation,but there
is a differencein the size of the allocatedmemory. Let
vx and vy be the width and height of the slices in vox-
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els, respectively. Then, in the caseof the parallel projec-
tion shear-warp algorithm,the intermediateimageconsists
of (2� vx) � (2� vy) pixelsin theworstcase,i.e.,whenthe
viewerlooksalongthediagonalof theobject.Theintermedi-
ateimage-sizedbuffer slicerequiresalmostasmany �oating
point (�oat) elementsasthereareintermediateimagepixels,
i.e., (2� vx) � (2� vy) = 4� vx � vy �oats. (Strictly speak-
ing, it requiresonerow andonecolumnless.)

Thetwo slice-sizedbuffer slicesrequire2� vx � vy �oats
(again,the correctvalue is onerow andonecolumn less).
Thus,theslice-sizedbuffer slicesrequirealmostexactlyhalf
theamountof memorycomparedto theintermediateimage-
sizedslicebuffer.

We did not implementa pre-integratedperspective shear-
warp algorithm, but similar considerationsas for parallel
projectionapply. The intermediateimage-sizedbuffer slice
canbe usedin an analogousway. However, the slice-sized
buffer slicesvary with thesizeof thevolumeslicesthatare
compositedto theintermediateimage.As weallocatemem-
ory only for thefront slice,andchangethesizeof thebuffer
sliceby changingits sizevariables,thereis nomemoryallo-
cationpenaltyto theslice-sizedbuffer sliceapproach.

3.3. Pre-Integration TableLookup

Thepre-integrationtableis recomputedwhenever thetrans-
fer function changes.We computeonly a two-dimensional
pre-integrationtable for a constantdistanced, becausethe
computationof a three-dimensionaltable is signi�cantly
moreexpensive and the imagequality is hardly improved.
Comparedto using a two-dimensionaltable and opacity
correction,the imagesgeneratedwith a three-dimensional
lookupwereslightly brighterin ourexperiments.

Thebilinear interpolationthat is performedto determine
the scalar values sf and sb for the lookup in the pre-
integration table generates�oating point numbers.Thus,
the lookup in thepre-integrationtableshouldbilinearly in-
terpolatethe tabulatedcolors and opacities.This is rather
expensive, since it addsanotherbilinear interpolationfor
thecompositionof eachvoxel. Therefore,we experimented
with nearest-neighborinterpolationfor the pre-integration
lookup,andwith lookuptableslargerthan256entries,which
we usually use. We found that for typical transfer func-
tions,no differenceis visible in theresultingimages.Thus,
it is suf�cient to usenearest-neighborinterpolationfor the
lookupandgaina few percentof renderingspeed(seeSec-
tion 4).

3.4. Rasterization

A fundamentaldifferencein renderingbetweenthe tradi-
tionalapproachwith bilinearinterpolationcomparedto pre-
integration is the numberof slices that are actually ren-
dered:traditionally, onesliceis renderedfor eachslicethatis

presentin thevolumedatasetin theprincipalviewing direc-
tion.Sincethepre-integrationapproachrequirestwo volume
slicesandrendersthe slab in-betweenthem,oneslice less
hasto berasterizedwith this approach.However, for typical
volumesizesstartingwith about100slicesthiseffectcanbe
neglected.

4. Results

After we had integratedall the discussedimprovementsin
our implementationof theshear-warpalgorithmfor parallel
projection,we performedspeedtestsof the algorithmwith
differentcombinationsof extensionsandcomparedthe re-
sultingimagequality.

4.1. RenderingPerformance

The renderingperformancetestswere performedon a PC
with a 1.7GHz Pentium4 processor, 256MB RAM, andan
ATI Radeon7500graphicscard.Theoutputimagesizewas
5122. We usedthe following datasetsfor the performance
tests:theGeneralElectricCT Engine,theUNC'sMR Brain,
andStefanRöttger's Bonsaitree.Theopacitytransferfunc-
tion wassetto a linearrampfrom zeroto full opacity, which
extendedover the entiredatarange.In the caseof the pre-
integratedshear-warp, the transferfunction doesnot affect
renderingperformancein any otherway thanfor the tradi-
tionalshear-warp,e.g.,via earlyraytermination.Weapplied
an automaticperformancemeasurementprocedure,which
rotatedthevolumeby180degreesin stepsof 2degreesabout
its vertical axis.The averagerenderingtimesperdisplayed
framearelistedin Table1.

In the table, the �rst threecolumnsspecify the dataset,
its size, and the percentageof transparentvoxels it con-
tains. The fourth column shows the performanceof the
standardshear-warp algorithm without pre-integration and
without opacitycorrection.The remainingcolumnslist the
timesthatareachievedwith differentcombinationsof exten-
sions.Threetypesof extensionsaredistinguished:lookupin
thepre-integrationtable,opacitycorrection(includingcolor
correction),andslicebuffers.Opacitycorrectionwasimple-
mentedasdescribedby Lacroutein 8. The�rst four columns
of thepre-integratedrenderingtestsareresultsfrom render-
ing with nearest-neighborlookup in the pre-integration ta-
ble, for the last four columnsthis lookup is improved by
bilinear interpolationbetweenthe tablevalues.The abbre-
viations usedfor the further classi�cation of the table are
asfollows: OC: opacitycorrectionenabled,NC: no opacity
correction,SB: two slice-sizedbuffer slices,andIB: onein-
termediateimage-sizedbuffer slice. In all the performance
tests,the intermediateimagewaswarpedby the2D textur-
ing hardware,asmentionedin Section2.5.

The timesindicatethat the pre-integratedshear-warp al-
gorithmachievesa performancewhich is between34%and
88%of thespeedof thestandardshear-warp,dependingon
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Pre-Integration
NearestNeighborLookup BilinearLookup

NC OC NC OC

Dataset Size[voxels] Transparent Standard SB IB SB IB SB IB SB IB

Engine 1282 � 55 28.0% 0.26 0.30 0.30 0.34 0.34 0.36 0.36 0.40 0.40
Brainsmall 1282 � 84 13.3% 0.43 0.49 0.49 0.56 0.57 0.58 0.59 0.66 0.66
Bonsai 1283 79.5% 0.23 0.56 0.57 0.60 0.60 0.65 0.65 0.69 0.69

Table 1: Renderingperformancein secondsper frame. Theabbreviatedrenderingparameters are: NC: no opacitycorrection,
OC: opacitycorrection,SB:slice-sizedbuffer slices,IB: intermediateimage-sizedbuffer slice.

the dataset.Pre-integrationis fastestwith nearest-neighbor
interpolationin thepre-integrationlookuptable,no opacity
correction,and slice-sizedbuffer slices.Slice-sizedbuffer
slicesareslightly fasterthanintermediateimage-sizedbuffer
slicesbecausethe computationof the location within the
buffer slices is simpler, but the performancedifferenceis
lessthan1% andthe resultingimagesare identical. In the
performancetests,opacitycorrectionaccountsfor 6-13%of
the renderingtime if enabled,bilinear interpolationin the
pre-integrationlookuptableresultsin 14-20%performance
penalty.

4.2. ImageQuality

A numberof images,which result from different combi-
nationsof renderingparametersarepresentedon the color
page.Theimageswererenderedwith thesamedatasetsand
outputimageresolutionasin theperformancetests,but we
selecteddifferent transferfunctionsin order to emphasize
the differencesof the appliedalgorithms.The inset in the
topright cornerof every imageshowsamagni�cationof the
regionhighlightedby a blacksquare.

In Figure7, theEnginedatasetis depictedusingthreedif-
ferentsettings.Figure7awascreatedby thestandardshear-
warp algorithmwithout any of the extensionspresentedin
thispaper. For Figure7b,weusedthepre-integratedrender-
ing algorithmwith nearest-neighborinterpolationin thepre-
integration table andno opacitycorrection.Figure 7c was
computedusingthe samesettings,exceptthat opacitycor-
rection was enabled.The differencebetweenthe standard
algorithmandpre-integrationis clearlyvisible: theengine's
featuresaredepictedmuchsmootherandshow moredetail
with pre-integration.The impact of opacitycorrectioncan
clearly be seenby comparingFigures7b and7c: the semi-
transparentengineblock is moreopaquein Figure7c.

For thecreationof theimagesof theBraindatasetin Fig-
ure 8, the samepre-integrationsettingswereappliedasfor
the Engine.Here,the subtledetailson the cheek,which is
enlargedin the inset,canonly beseenwith pre-integration.
Again,opacitycorrectionmakesa difference,but dueto the

natureof theselectedtransferfunction,it cannot beseenas
clearlyasin thepreviousexample.

The imagesof Figure9 depict the Bonsaidataset.They
wererenderedusingthesamepre-integrationsettingsasbe-
fore.Pre-integrationaccountsfor signi�cantly lessstaircas-
ing artifactson the �o wer pot thanthe standardalgorithm,
ascanbeseenvery well in theinset.Furthermore,thecolor
differencebetweenthestandardandthepre-integratedalgo-
rithm, as was mentionedin Section2.4, is clearly visible,
especiallyin theleaves.

In Figure10, texturing hardwarewasemployed for ren-
deringthe Bonsaidatasetwith the sametransferfunctions,
thesameviewpoint, andthesamevolumeresolutionasfor
theshear-warp.In Figure10a,128imageplanealignedtex-
turedpolygonswererendered,which is thesameamountof
slicesaswerecompositedfor theshear-warpalgorithm.The
texturinghardware's capabilityof performingtrilinear inter-
polationwhile compositingandsamplingat imageresolu-
tion resultin aclearerimagethantheshear-warpcanachieve
evenwith pre-integration.However, staircasingartifactsare
obviousin theresultingimage.For Figure10b,256textures
wererendered.This reducesthestaircasingartifactssigni�-
cantly, but they arestill noticeable,evenmoreclearlythanin
the imagesrenderedby thepre-integratedshear-warp algo-
rithm. Figure10cdemonstratesthat1024texturedpolygons
resultin animageof high quality.

5. Conclusionsand Futur eWork

We have presentedthe integrationof thepre-integratedvol-
umerenderingapproachinto theshear-warpalgorithm.Pre-
integrationimposesanoticeableperformancehit onthestan-
dardshear-warpalgorithm,but it resultsin substantiallyim-
proved imagequality. Staircasingartifactsarereducedand
color transitionsaremoreaccurate.

In thefuture,we areplanningto integrateshading,which
is essentialfor the renderingof iso-surfaces.Also, pre-
integrationcanbe incorporatedinto the perspective projec-
tion shear-warp algorithm analogouslyto the caseof par-
allel projection;however, the scalingof the slicesslightly
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increasesthecomplexity of this approach.The imagequal-
ity of our algorithmcouldbefurther improvedby sampling
at (or above) the Nyquist frequency of the scalarvolume
data.This couldbeaccomplishedby adaptingtheapproach
of Sweeney andMueller 20.
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(a) (b) (c)

Figure 7: The Enginedataset:(a) standard shear-warp, (b) pre-integrated shear-warp without opacity correction and (c)
pre-integratedshear-warp with opacitycorrection.

(a) (b) (c)

Figure 8: TheBrain dataset:(a) standard shear-warp, (b) pre-integratedshear-warp withoutopacitycorrectionand(c) pre-
integratedshear-warpwith opacitycorrection.

(a) (b) (c)

Figure 9: TheBonsaidataset:(a) standard shear-warp, (b) pre-integratedshear-warp withoutopacitycorrectionand(c) pre-
integratedshear-warpwith opacitycorrection.

(a) (b) (c)

Figure 10: TheBonsaidatasetrenderedwith 3D texturing hardware supportusingdifferentnumbers of texturedpolygons:(a)
128polygons,(b) 256polygons,(c) 1024polygons.
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